
1. Hölder space

Given a set A Ă Rn and a function u : A Ñ R, we say that

(i) u P CpAq if u is continuous in A,

(ii) u P DkpAq if u is k-times differentiable in A,

(iii) u P CkpAq if u is k-times differentiable and its k-th order derivatives are continuous in A,

(iv) u P C8pAq if u is smooth (8-many times differentiable) in A,

(v) u P C0,αpAq if u is α-Hölder continuous in A, (see Definition below)

(vi) u P Ck,αpAq if u is k-times differentiable and its k-th order derivatives are α-Holder continuous

in A.

Definition 1. Given α P p0, 1s, we say u is α-Holder continuous in A is

rus0,α;A C sup
x‰y, x,yPA

|upxq ´ upyq|
}x´ y}α

ă `8. (1)

Given a multiindex γ “ pγ1, ¨ ¨ ¨ , γkq P t1, ¨ ¨ ¨ , nuk, we define

Dγu “ Bγ1 ¨ ¨ ¨ Bγk u : A Ñ R. (2)

For k P N, we define

rusk;A “ sup
|γ|“k

sup
A
|Dγu|, (3)

and

}u}CkpAq “

k
ÿ

m“0

rusk;A, (4)

where

rus0;A “ sup
A
|u|. (5)

Also, for α P p0, 1s we define

}u}CαpAq “ rus0,α;A ` sup
A
|u|. (6)

In addition, for k P N and α P p0, 1s, we define

rusk,α;A “ sup
|γ|“k

rDγus0,α;A, (7)

and

}u}Ck,αpAq “ }u}CkpAq ` rusk,α;A. (8)
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Moreover, for α P p0, 1q we often denote

rusα;A “ rus0,α;A, (9)

and for k P N, we denote

rDkusα;A “ sup
|γ|“k

rDγus0,α;A. (10)
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